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Introduction

@ We consider a two-player zero-sum game with random linear chance
constraints whose distributions are known to belong to moments
based uncertainty sets.

@ We show that a Saddle Point Equilibrium problem is equivalent to a
primal-dual pair of Second-Order Cone Programs.

@ The game with chance constraints can be used in various
applications, e.g., risk constraints in portfolio optimization, resource
constraints in stochastic shortest path problem, renewable energy
aggregators in the local market.



Game model

Two players zero-sum game

X ={x € R™| Clx = d*, x > 0} is the strategy set of player 1.
Y ={y € R"| C?y = d?,y > 0} is the strategy set of player 2.
o u: X xY — R is a payoff function associated to the game where:

u(x,y) =x"Gy +g"x+h'y, (1)
@ Player 1 is interested in maximizing u and player 2 is interested in
minimizing u.
@ The strategies of player 1 satisfy the following random linear
constraints:

(a,];)TXSbl](-7 k:172""7p7 (2)

whilst the strategies of player 2 satisfy the following random linear
constraints
(a)Ty > b7, 1=1,2,...,q. (3)



Game model

Two players zero-sum game

@ In some situations, we lost full knowledge of the true distribution of
the random variables defined in (2) and (3). For this reason, we
assume that these distributions belong to some uncertainty sets.

@ Using the worst case approach, the random linear constraints (2)
and (3) can be formulated as distributionally robust chance
constraints given by:

H INT 1 1 _

F‘}Igf'DtP((ak) XSbk)ZOHm Vk—].,...,p, (4)
inf P((—a®)Ty <—b?)>a? VI=1,..,q, 5
F,2|2Df ((—a)'y < —b7) > o q (5)



Game model

Two players zero-sum game

@ The feasible strategy sets of player 1 and player 2 are given by:

sh={xexl |
Fl

k

nf P{(af)"x < bt} >aj, V k=1, -..,p}, (6)
€D}
2 : NT > 5 B
Sie = {y €Y F/gg;zIP{(—a/) y<—b}>af, Vi= 1,...,q}.
(7)

@ We denote the game with the strategy set 5;1 for player 1 and the
strategy set 522 for player 2 by Z,,.

Definition 1

A strategy pair (x*,y*) € 501(1 X 522 is called an SPE of the game Z, at
a = (at,a?) € [0,1]P x [0,1]9, if

U(X)y*) S U(X*ay*) S U(X*»y)7 VX € Séla y S 5542'




Main results

Choices of uncertainty sets

o Polytopic uncertainty set

o Ellipsoidal uncertainty set



Main results

o Polytopic uncertainty set

. . . . EF" [a;(] e U,
DI I’zl — FI K ’_ Hy , 8
k(:uk k) { k COVka[ak] c UZL (8)
where U, = Can(/.Ljd,ujm....,uf(M) and
UZL = Conv(X|{,X)ns -, Zip)-
o Ellipsoidal uncertainty set
. AL |
(Brlald = ) (Zh)
Di(ui,xi) =4 Fi | % (EF;[aL] *ul) <Y S, (9)

COVE [al] = Vi



Main results

Existence of an SPE
Theorem 2

Consider the game Z,,, where the distributions of the random constraint
vectors of 2 players belong to either the polytopic uncertainty set or
ellipsoidal uncertainty set. Then, there exists an SPE of the game for all
a € (0,1)P x (0,1)9.




Main results

Characterization of an SPE
e (x*,y*) is an SPE for the game Z, if and only if

x* € argmax min u(x,y), (19)
xeSt, yes?,

y* € argmin max u(x,y). (20)
yeS?, x€s!,



Main results

Theorem 3

(x*,y*) is an SPE for the game Z,, if and only if there exist auxiliary
variables v*, 5%, A and v?, 2%, \? such that:

o y, v, 81, A are the optimal solutions of the SOCP D, .
e x,12,6°,\? are the optimal solutions of the SOCP D .




Main results

min ATy 4+ () Td* + Z Z)\

y, v, 5k,7>‘ k=1 ..p j=1
s.t.
M
1
i) Gy — Z Z (A J'ukl ) 5k1)
k=1,....,p j=1

_(Cl)T 1+g<0
(i) = () Ty + kol | (Z3)2y]] < —bF,

Vji=1,2,...,M I=1,..,q,

(iii) ||5111|| < F»ay\i,j, /\i,j >0

Vk=1,.,p, j=12...,M,

(iv) C?y =d? ys>0,Vs=12,...,n (Dy)



Main results

max ., g x4+ () Td* + Z Z)\ b?

2§52 )
T Oy A I=1,...,q j=1

(NG x— > Z (A juiy + (Z2)7 o7))

I=1,...,q j=1
— (T2 +h>0,
(if) (uij)wain(ztj)%xn < b,
Vji=1,2,....M, k=1,..,p,
(iii) 1107l < ka2Aij AT; 20,V I=1,..,q, j=1,2,...M
(iv) Ctx = d*, x,20,Vr:1,2,...,m. (Dy)



Conclusion

@ We show the existence of a mixed strategy SPE for a two-player
distributionally robust zero-sum chance-constrained game under
three different uncertainty sets based on first two moments.

@ We derive tractable reformulations of the distributionally robust
chance constraints of each player in two case, polytopic uncertainty
and ellipsoidal uncertainty.

@ The tractable reformulation of the zero-sum game problem with
different payoff structure, as well as the uncertainty sets other than
the ones considered in the paper could be an interesting area for the
future research.
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