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Introduction
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• System identification:

adaptive filter unknown systemmodels
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Sparse system identification
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• many systems are sparse in nature     ➔ low-rank systems
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(a) Network impulse response (ITU-T G168/2002); (b) acoustic impulse response.

Sparse systems



Sparse system identification (cont.)

6

• Existing solutions:

• proportionate algorithms

• block-sparse algorithms

• zero-attraction algorithms

• regularized algorithms (using different norms)

• variable step-size algorithms

Update 
a single
filter of 
length L 
(usually 
long)

• Decomposition-based approach:
• reformulating a high-dimension system identification 
problem as a combination of low-dimension solutions
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Challenge → identification of long length impulse response

(e.g., network/acoustic echo cancellation)

Solution → decomposition of impulse responses

(⊗➔ Kronecker product)

Decomposition-Based Approach



Decomposition-Based Approach (cont.)
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• Unknown impulse response h of length L = L1L2

• Low-rank (sparse) systems, e.g., echo paths:
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Decomposition-Based Approach (cont.)
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• Unknown impulse response h of length L = L1L2

L1 L1 ……… L1L1

1 2 3 ……… L2

• Reshape vector  h   ➔ H - matrix L1 x L2
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…

…

“full-rank”

“low-rank”

1     2     3      ...    L2



Decomposition-Based Approach (cont.)
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• Singular value decomposition (SVD) of H

singular values
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Decomposition-Based Approach (cont.)
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Fig. 1. Impulse responses used in simulations, with L = 500 or L = 1024.



Decomposition-Based Approach (cont.)
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Fig. 2. Corresponding singular values of H, for

(a)-(d) L1 = 25 and L2 = 20 and (e), (f) L1 = L2 = 32.



Decomposition-Based Approach (cont.)
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Fig. 3. Normalized misalignment (dB):  ( )10 22
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RLS Algorithm
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• RLS algorithm: ( ) ( ) ( ) ( )
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RLS Algorithm (cont.)
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• Notation:
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RLS Algorithm (cont.)
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• New cost functions:
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RLS Algorithm (cont.)
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• RLS-NKP algorithm: ( ) ( ) ( ) ( ) ( )
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RLS Algorithm (cont.)
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Fig. 4. Computational complexity (no. multiplications): RLS and RLS-NKP.  



Simulation Results
• conditions

→ h from Fig. 1, with L = 500 or L = 1024.

→ NKP decomposition: L = 500 ➔ L1 = 25, L2 = 20

L = 1024 ➔ L1 = L2 = 32

→ input signals – AR1(0.9) process or speech.

→ additive noise w(n) – white Gaussian noise, SNR = 20 dB.

→ performance measure : normalized misalignment (dB).

10 22

ˆ20log ( ) /n −
  

h h h

• algorithms

→ conventional RLS [Haykin, Adaptive Filter Theory, 2002]

→ RLS-DCD [Zakharov et al., IEEE Trans. Signal Process., 2008]

→ RLS-NKP
19



Simulation Results (cont.)
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• Impulse responses used in simulations, with L = 500 and L = 1024.



Simulation Results (cont.)
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Fig. 5. Performance of the RLS, RLS-DCD, and RLS-NKP algorithms for 

the identification of the impulse responses from Figs. 1(a) and (b).  



Simulation Results (cont.)

22

Fig. 6. Performance of the RLS, RLS-DCD, and RLS-NKP algorithms for 

the identification of the impulse responses from Figs. 1(a) and (b).  



Simulation Results (cont.)
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Fig. 7. Performance of the RLS, RLS-DCD, and RLS-NKP algorithms for 

the identification of the impulse responses from Figs. 1(c) and (d).  



Simulation Results (cont.)
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Fig. 8. Performance of the RLS, RLS-DCD, and RLS-NKP algorithms for 

the identification of the impulse responses from Figs. 1(c) and (d).  



Simulation Results (cont.)
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Fig. 9. Performance of the RLS, RLS-DCD, and RLS-NKP algorithms for 

the identification of the impulse responses from Fig. 1(e).  



Simulation Results (cont.)
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Fig. 10. Performance of the RLS, RLS-DCD, and RLS-NKP algorithms for 

the identification of the impulse responses from Fig. 1(f).  



Conclusions and Perspectives

• Adaptive filtering algorithms exploiting the nearest Kronecker 

product (NKP) decomposition.

• RLS-NKP algorithm outperforms the conventional RLS and 

RLS-DCD algorithms. 

• Efficient solution for the identification of sparse/low-rank

systems (e.g., echo paths).  

• Recursive least-squares (RLS)-NKP algorithm → fast 

convergence & tracking, lower computational complexity.

• High-dimension system identification problem → reformulated 

as a combination of low-dimension solutions (shorter filters).

27

• Future works: extension to multidimensional case 

(decomposition based on high-order tensors).
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