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Preliminaries

Consider the fractional continuous-time linear system

d :txoft) — AX(t) + Bu(t), (1a)
y(t) = Cx(t), (1b)

where x(t)eR", u(t)eR™, y(t)eRP are the state, input and output vectors,
AeR™", BeR™™, CeRP,

The following Caputo definition of the fractional derivative of « order will be
used
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and I'(x) = j t*Tetdt, Re(x) >0 is the Euler gamma function.
0

where f(7) =




Definition 1. The fractional system (1) is called (internally) positive if x(t) e R}
and y(t) e RP, t >0 for any initial conditions x(0) e R} and all inputs u(t) e RT, t >0.

Definition 2. The fractional positive linear system (1) is called asymptotically
stable (and the matrix A Hurwitz) if

lim x(t) =0 for all x(0) e R". (4)

t—oo

The positive fractional system (1) is asymptotically stable if and only if the real
parts of all eigenvalues s, of the matrix A are negative, i.e. Res, <0 for k=1,...,n.




The transfer matrix of the system (1) is given by
T(s*)=C[l,5% — A]'B. (7)




Now, consider the fractional linear system with two different fractional

order ] )
d%x ()
gta {Aﬂ Alz}{xl(t)}{&}u(t), (8a)
4% () | LA Ax %(t)] [B;
dt”
Xl(t):|
t)=[C; C , 8b
Y=t 2]L<2(t) (8b)
where 0<a, <1, x(t) e ™ and x,(t) e k"2 are the state vectors, Aj e R 1,

B e R" ™, C;ieRPM; 0, j =12, ut)eR™ is the input vector and y(t) e RP
is the output vector.
Initial conditions for (8) have the form

X
X1(0) = Xg0, X(0) =Xz and Xg = Llo } )
20




Definition 3. The fractional system (8) is called positive if x;(t)eR}®
and x,(t) eR12, t>0 for any initial conditions x;; e R1*, x50 € R}2 and all input
vectors ueRT, t>0.










Note that, if & = g, then from (13) we have

Poly—p ()= Eor(ka +1)’

The transfer matrix of the system (8) is given by

-1
T(s%,s”) C" 0 InZS'B A

(15)

(16)




4 N
Fractional nonlinear feedback systems

with positive linear parts

Consider the nonlinear feedback system shown in Figure 1,
which consists of the positive linear part, the nonlinear element with
characteristic u = f (e) and the positive scalar feedback.

v=0 e=y u y
f (e) ||F——| Positive linear parl ——¢—Pp

+

h |

Figure 1. The nonlinear feedback system.




The positive linear part is described by the equations

_d“xl(t)_

dt¢ ~ A Xl(t)j| B
dﬂXZ(t) |:X2(t) " U(t)’ (17)
L dt? ]

~| X¢(t)
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where O<a,f<1, X =x({t)eR™ and x,=x,(t)eR™ are the state vectors,

u=u(t) eR is the input vector, y=y(t) e R is the input vector, matrices A, B, C
for p =m =1 are defined by (10).




The characteristic of the nonlinear element is shown in Figure 2 and it satisfies
the condition
O< f(e)<ke, O<k<oo, (18)
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Figure 2. Characteristic of the nonlinear element.
It is assumed that, the positive linear part is asymptotically stable (the matrix
A e M, is Hurwitz).




Definition 4. The nonlinear positive system is called globally stable

X
if it is asymptotically stable for all nonnegative initial conditions Lm} e Rl
20

The following theorem gives sufficient conditions for the global stability
of the positive nonlinear system.




Numerical example







Remark 1. The determinant of the matrix (21) has the form
det(A) =104.64 —14.28k

and it is equal to zero for k =7.33.

(23)




Concluding remarks

» The global stability of continuous-time different fractional orders
nonlinear feedback systems witch positive linear parts and positive
scalar feedbback has been investigated

» New sufficient conditions for the global stability of this class
of positive nonlinear systems are established

» The  effectiveness of these new  stability  conditions
has been demonstrated on simple example of positive nonlinear
different orders system

» The considerations can be extended to discrete-time standard
fractional different orders nonlinear systems with positive linear
parts and scalar feedbacks

» An open problem is an extension of the considerations to nonlinear
different orders fractional systems with interval matrices
of their positive linear parts
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