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Existence of  fractional order systems

• Wheather/climate
• Economy/finance
• Biology/Genetics
• Music
• Biomedics
• Physics
• …
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Fractionality in Nature and Science 

• 1/f noises  
• Long range processes (Economy, Hydrology)
• The fractional Brownian motion 
• The constant phase elements
• Music spectrum
• Network traffic
• Biological processes - Deterministic Genetic Oscillation

• Heat Conduction in a Porous Medium
• Geometry

• …
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Rule of thumb
• Self-similar
• Scale-free/Scale-

invariant
• Power law
• Long range 

dependence (LRD)
• 1/f a noise

• Porous media
• Granular
• Lossy
• Anomaly
• Disorder
• Soil, tissue, electrodes, 

bio, nano, network, 
transport, diffusion, 
soft matters …



Engineering applications

5

Control
Filtering
Image processing
System modelling – NMR, Diffusion, respiratory 
system, muscles, neurons
Calculus of variations - Optimization 
Chaos
Fractals



Example: 
The fractor

Z(s) = 
K
sα  



Example: supercapacitor
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Example: supercapacitor
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H (s) = 7.39 ⋅10−3 + 3.24 ⋅10
−3

sb
+
7.68 ⋅10−3

sa
+
3.37 ⋅10−3

sa+b



Spectrum of the monthly average 
temperatures of Lisbon (1881-2011)
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AND I SAY TO MYSELF: “WHAT A FRACTIONAL WORLD !” 643
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Fig. 2.6: Temperatures of Lisbon from January 1881 up to March 2011
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Fig. 2.7: Fourier transform of monthly average of temperatures of Lisbon
from January 1881 up to March 2011

Some occasional gaps of one day in the data (represented on the original
data by the value 999.9) are substituted by a linear interpolation between
the two adjacent values. Moreover, although of minor influence, the distinct
number of days of each month and the leap years were also taken into
account. Figure 2.7 depicts the amplitude of the Fourier transform with a
peak at the frequency ω = 1.99 · 10−7 corresponding to a periodicity of one
year. At low frequencies (Figure 2.8) it is visible that the spectrum can

This and the next few slides were done by Prof. Tenreiro Machado: “And I say to 
myself: “What a fractional world”, FCAA, Vol.14, No 4, 2011



Dow Jones average index (FT)

694 F.B. Duarte et al.

Fig. 2 The temporal
evolution of the daily
closing value of NASDAQ
index, from February, 1971
to June, 2009

Fig. 3 |F {xD(t)}| and the
trendline for the Dow Jones
signal index

Fig. 4 |F {xN(t)}| and the
trendline for the NASDAQ
signal index

that two consecutive windows are superimposed over
a range of window length of β = 50%.

For the Dow Jones index we considerer a total of
the 110 windows centered at t = 183λD days for λD =
1,2, . . . ,110 and for the NASDAQ index we adopt a

total of 51 windows centered at t = 183λN days for
λN = 1,2, . . . ,51.

Figure 5 depicts the amplitude of a sliding-window
Fourier transform, |Fw{xD(t)}|, centered at t = 183λD

for λD = {10,20,30,40,50,60,70,80,90,100}, for
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Fourier transform of the signal for 
the Human chromosome 1 
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1614 J.A.T. Machado et al. / Computers and Mathematics with Applications 62 (2011) 1612–1617

Fig. 1. Entropy variation S(t) for human chromosome Hu1 when n = 1 and W = 104.

Fig. 2. Amplitude of the Fourier spectrum |F {S(t)}| versus ! and the power law trendline approximation for human chromosome Hu1 when n = 1 and
W = 104.

of n � 1 base sequences is considered, Therefore, for a DNA strand of length L and bins of length n, there result a total of
L � n + 1 counts. In the second case, for the bin counting, a sliding window of width W is adopted. When counting the
n-tuples, once the window has elapsed a new histogram is built and the corresponding statistical measure is evaluated.

Once the histograms are collected, the second step in our analysis consists in evaluating their characteristics. In this paper
we consider the Shannon entropy S defined by [14]

S = �
WX

i=1

pi ln (pi) (1)

where the window widthW is the number of possible events and pi is the probability that event i occurs, so
PW

i=1 pi = 1.
We have a sequence of windows along the DNA strand and, therefore, a ‘‘signal’’ S(t) is generated, where t may be

interpreted as the ‘‘time’’ progress during each histogram construction. In general S(t) is noisy and difficult to analyze in
the ‘‘time domain’’. Therefore, the global dynamical characteristics of S(t) may only emerge on applying signal processing
tools [41]. In the present study we adopt the Fourier transform, defined as [42]

F {S(t)} =
Z +1

�1
S(t)e�j!tdt (2)

where ! represents the angular frequency and j = p�1.
It should be noticed that we use the notions of ‘‘time’’ and ‘‘angular frequency’’ with units time and its inverse. This is

something of an abuse since t describes the progression along the DNA strand, but is it adopted with care in the absence of
a better term.

Another important aspect to discuss is that we are converting a message, with some unknown code, into a numerical
signal. All assumptions introduced a priori may ‘‘deform’’ the message. Therefore, the methodology adopted tries to be the
least invasive possible by adopting tools that capture, process and describe global characteristics.



Impedance of vegetables



Infinite Transmission line

Equivalent impedance baZZZ =

when RZa = and
SC

Zb
1

=

2
1−

= S
C
RZ (Fractional order system)
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Viscoelasticity

E
C E

Cf

Kelvin-Voigt 
model

Fractional Kelvin-Voigt 
model

( ) ( )dt E C t
dt

σ ε⎡ ⎤= +⎢ ⎥⎣ ⎦
( ) ( )f

dt E C t
dt

α

ασ ε
⎡ ⎤

= +⎢ ⎥
⎣ ⎦

Integer order 
model

Fractional order model
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fBm – conventional formulation

BH(t)-H(0)=
1

Γ(H+1/2) 
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

⌡⌠
-∞

0
 [ ](t-τ)

H-1/2
 - (-τ)

H-1/2
 w(τ)dτ  +  

+ 
1

Γ(H+1/2) 
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

 + ⌡⌠
0

t
  (t-τ)

H-1/2
 w(τ)dτ  
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fBm – general case

BH(t)-BH(0) = ⌡⌠
0

t
  Dα

 w(τ) dτ  

 



The Laplace Transform(s)

One-sided LT: ⇒  F(s) = ⌡⌠
0

∞
  f(t) e-st dt 

  LT[f(α)(t))] = sαF(s)  - ∑
i=0

n-1
 [Dα-1-i

 f(0+)].si 
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The Laplace Transform(s)

Two-sided LT: ⇒  F(s) = ⌡⌠
-∞

∞
  f(t) e-st dt 

  LT[f(α)(t))] = sαF(s)   
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Fractional derivatives

Liouville  Riemann-Liouville  Caputo 

Riesz     Weyl 

Hadamard       Grünwald-Letnikov 

Marchaud … 

and  some other with only the name. 
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 Definition 

Liouville integral 

α>0 D-αϕ(t)= 
1

(-1)αΓ(α) ⌡⌠
0

+∞
 ϕ(t+τ)τα-1dτ         

 

Riemann integral  

α>0 
D-α

 ϕ(t)=
1

Γ(α) ⌡⎮
⌠

0

t

 
ϕ(τ)

(t-τ)1-αdτ  

 

Hadamard integral  D-α
 (t)=

tα

Γ(α) ⌡⌠
0

1
 ϕ(tτ).(1-τ)α-1dτ 

Riemann-Liouville integral 

D-α
 ϕ(t)=

1
Γ(α) ⌡⎮

⌠

a

t

 
ϕ(τ)

(t-τ)1-αdτ   α>0 

Backward Riemann-Liouville integral 

D-α
 ϕ(t)=

1
Γ(α) ⌡⎮

⌠

t

b

 
ϕ(τ)

(t-τ)1-αdτ  α>0 

Generalised function 

(Cauchy) D-α
 ϕ(t)= 

1
Γ(α)⌡⌠

-∞

t
 ϕ(τ).(t-τ)α-1 dτ  

 

Fractional Integral 



 Definition 

 

Left side Riemann-Liouville derivative Dα ϕ(t)=
1

Γ(n-α)
dn

dtn ⌡⌠
a

t
 ϕ(τ).(t-τ)α-n-1dτ t>a  

 

Right side Riemann-Liouville derivative Dα ϕ(t)=
(-1)n

Γ(n-α)
dn

dtn ⌡⌠
t

b
ϕ(τ).(τ-t)α-n-1dτ t<b 

 

 

Left side Caputo derivative 

Dα ϕ(t)=
1

Γ(-ν)
⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤

⌡
⌠

0

t
ϕ(n)(τ).(t-τ)ν-1 dτ  t>0 

 

 

Right side Caputo derivative 

Dα ϕ(t)=
1

Γ(-ν)
⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤

⌡
⌠

t

+∞
ϕ(n)(τ).(τ-t)ν-1 dτ  

 

Generalised function 

(Cauchy) 

Dα ϕ(t)= 
1

Γ(-α) ⌡
⌠

-∞

t
 ϕ(τ).(t-τ)-α-1 dτ  

 

Fractional Derivative 



Going into the derivative (1)

f(1)
+  (t) = lim

h→0
 f(t) −  f(t-h)

h            f(1)
-  (t) = lim

h→0
 f(t + h) −  f(t)

h   

                            f(1)
0  (t) = lim

h→0
 f(t + h/2) −  f(t - h/2)

h   

ARE THEY EQUIVALENT? 
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Going into the derivative (2)

f(1)
+  (t) = lim

h→0
 f(t) −  f(t-h)

h              f(1)
-  (t) = lim

h→0
 f(t + h) −  f(t)

h   

 

       s  = lim
h→0 

 (1 - e-sh)
h                           = lim

h→0
(esh - 1) 

h   

What happens when |s| goes to infinite? 23



Going into the derivative (3)

f(2)
+  (t)= lim

h→0
 
f(1)(t) − f(1)(t-h)

h   = 

= lim
h→0

 
lim

h→0
 
f(t) − f(t-h)

h  − lim
h→0

 
f(t-h) − f(t-2h)

h
h  

= lim
h→0

 
lim

h→0
 
f(t) − 2f(t-h)+ f(t-2h)

h
h  = lim

h→0
 
f(t) − 2f(t-h)+ f(t-2h)

h2   
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Going into the derivative (4)

f(2)
+  (t)= lim

h→0
 
f(t) − 2f(t-h) + f(t-2h)

h2    ⇒  s2  = 
lim

h→0 
 (1 - e-sh)2

h2   

f(2)
-  (t)= lim

h→0
 f(t+2h) − 2f(t-h) + f(t)

h2   ⇒  s2 = 
lim

h→0+
(esh - 1)2 

h2           
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Going into the derivative (5)

f(N)
+  (t) = lim

h→0
 
∑

k=0

N
  (-1)

k
 #
$
%
&N

k  f(t-kh)

h
N        ⇒      sN  = lim

h→0 
 (1 - e-sh)N

hN   

f(N)
-  (t) = lim

h→0

(-1)N ∑
k=0

N
  (-1)

k
 #
$
%
&N

k  f(t+kh)

h
N  ⇒   sN = lim

h→0
(esh - 1)N 

hN    

 
The Nth–order derivative in ONE step
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Going into the anti-derivative (1)

f +(t) = lim
h→0

 
f(-1)
+ (t) - f(-1)

+ (t-h)
h   ⇒  f(-1)

+ (t) = lim
h→0

 #
$

%
&hf +(t) - f(-1)

+ (t-h)    

         = lim
h→0

 #
$

%
&hf +(t) + hf +(t-h) - f(-1)

+ (t-2h)   

f(-1)
+  (t) = lim

h→0
 h ∑

k=0

∞
   f(t-kh)    ⇒      s-1  = lim

h→0 
h

 (1 - e-sh)   Re(s) > 0  

f(-1)
-  (t) = lim

h→0
 -h ∑

k=0

∞
  f(t+kh)  ⇒      s-1 = lim

h→0 h
(esh - 1)    Re(s) < 0   

 Essentially the Riemann integral definition!27



Going into the anti-derivative (2)

f(-2)
+  (t) = lim

h→0
 h2 ∑

k=0

∞
   (k+1)f(t-kh)  ⇒   s-2  = lim

h→0 
h2

 (1 - e-sh)2   Re(s) > 0  

f(-2)
-  (t) = lim

h→0
 h2 ∑

k=0

∞
  (k+1)f(t+kh)  ⇒   s-2 = lim

h→0 h2

(esh - 1)2    Re(s) < 0   

 

The repeated Riemann integral!
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Joinning the derivative and anti-
derivative transfer functions

s±N  = 
lim

h→0 
 (1 - e-sh)±N 

h±N    Re(s) > 0  

s±N = 
lim

h→0 
 (esh - 1)±N 

h±N     Re(s) < 0   
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Fractionalising the transfer function

sα= lim
h→0+

 (1 - e-sh)α

hα
 = lim

h→0+
(esh - 1) α 

hα
  

     Re(s) > 0                    Re(s) < 0 

30

We must be careful with the branch 
cut lines due to the branch point at s=0
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sα= lim
h→0+

 (1 - e-sh)α

hα
 = lim

h→0+
(esh - 1) α 

hα
  

     Re(s) > 0                    Re(s) < 0 

The differintegrator



Generalisation of a well known property
of the Laplace transform

TL[Dα
f f(t)] = sαF(s)   for Re(s) > 0   Forward 

 
TL[Dα

b f(t)] = sαF(s)   for Re(s) < 0   Backward 

 

There is a system – the differintegrator - that has  

sα   as transfer function.      

32



Fractional Differintegrator

• Inverse LT of sα for 
Real orders:

– Causal

– Anti-causal

LT-1[sα  ] =  
t-α-1

(α-1)!u(t) 

LT-1[sα  ] = - 
t-α-1

(α-1)!u(-t) 
33



Liouville differintegration

• Causal

• Anti-causal

x(α)
f (t) = 1

Γ( α)⌡
⌠

-∞

t

 x(τ).(t-τ)-α-1
  dτ  

Long memory! 

x(α)
b (t)  =  - 1

Γ( α)⌡
⌠

t

∞

 x(τ).(t-τ)-α-1
  dτ   

34



Liouville differintegration

• Causal

• Anti-causal

x(α)
f (t) = 1

Γ( α)⌡
⌠

0

∞

 x(t-τ).τ-α-1
  dτ  

 

x(α)
b (t)  =  1

 (-1)-α
 Γ( α)⌡

⌠

0

∞

 x(t+τ).τ-α-1
  dτ  

35



Grünwald-Letnikov fractional derivative

sα = lim
h→0+

 (1 - e-sh)α 

hα 

 = lim
h→0+

(esh - 1) α 

hα 

  

     Re(s) > 0                    Re(s) < 0 

f(α)
f (t)= lim

h→0+
 
∑

k=0

∞
  (-1)k 

%
&
'
(α

k
 f(t-kh)

hα
                      forward 

backward          f(α)
b (t) = lim

h→0+
 e-jαπ  

∑
k=0

∞
  (-1)k 

&
'
(
)α

k
 f(t+kh)

hα
  36



The law of the exponents

• DαDβ f(z) = DβDα f(z) = Dα+β f(z)

• DαD-α f(z) = D-αDα f(z) = f(z)



Derivative of the causal power

δ(-β-1)
f  (t) =  

tβ 
Γ(β+1)

u(t)       

δ(α-β+1)
f  (t) =  

t-α+β
 

Γ(β-α+1)
u(t)  ⇒ Dα

 &
'

(
)tβ u(t)  = Γ(β+1)

Γ(β-α+1)
tβ-α
 u(t) 

 

β cannot be a negative integer 



Derivative of the exponential

If f(t) = est 

f(α)
f  (t)=eat lim

h→0+ 
∑

k=0

∞
  (-1)k 

%
&
'
(
)
*α

k e-kh

hα
 = eat 

lim
h→0+ 

 (1 - e-ah)α 

hα 
   = sα   est    if  Re(s) > 0 

 

f(α)
b (t)=eat lim

h→0+ (-1)α  
∑

k=0

∞
  (-1)k 

%
&
'
(
)
*α

k  ekh

hα
 = eat lim

h→0+

(eah - 1)α 

hα 
   = sα   est  if Re(s) < 0 
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Forward derivative of the sinusoid
f(t) = ejωt

    ω  > 0 ⇒  f(α)
f  (t) = (jω)α  ejωt

    

Then 

Dα
 cos(ωt)  =  

= Dα [ejωt
 +e-jωt

 ]/2=1/2(jω)α ejωt
    + 1/2(-jω)α e-jωt

    = 

                     = ωα  cos(ωt + απ/2) 

and, similarly 

Dα
 sin(ωt)  = ωα  sin(ωt + απ/2) 

 What about the backward?



Continuous-time Shift-invariant Systems

∑
n=0

N
     anDνn y(t)  =  ∑

m=0

M
     bmDνm x(t)  

•Diferential Equation

•Transfer Function

•Only two solutions:
causal and anti-causal

H(s)= 

∑
m=0

M
 bmsνm 

 ∑
n=0

N
 ansνn 

  



• Diferential Equation

• Transfer Function

∑
n=0

N
     anDnν y(t)  =  ∑

m=0

M
     bmDmν x(t) 

H(s)= 

∑
m=0

M
 bmsmν 

 ∑
n=0

N
 ansnν 

  

Fractional Continuous-time Linear Systems



From the Transfer Function to the 
Impulse Response

H(s) =  

∑
m=0

M
 bmsmν 

 ∑
n=0

N
 ansnν 

  = ∑
n=1

N
 

An
sν - pn 

   

 

H(w) =  

∑
m=0

M
 bmwm 

 ∑
n=0

N
 anwn 

  = ∑
n=1

N
 

An
w - pn 

   

43



Partial fraction inversion

1

sν  - p
  = 1

sν 

 1

1 - ps-ν
 

  = 1

sν 

 ∑
n=0

∞
  pn s-νn

  = ∑
n=1

∞
  pn-1s-νn

   

h(t) = ∑
n=1

∞
  pn-1

tnν 
-1

Γ(nν)
u(t)         Alpha exponential 

  Related to the Mittag-Leffler function 

If ν  = 1, h(t) = ept.u(t), the usual solution  

44



A practical example 
The "single-degree-of-freedom fractional oscillator" consists of a mass and a fractional Kelvin element 

and it is applied in viscoelasticity. The equation of motion is  

 mD2
 x(t) + c Dα

  x(t) + kx(t) = f(t) 

where m is the mass, c the damping constant, k the stiffness, x the displacement and f the forcing 

function.  

Let us introduce the parameters: ω0 = k/m as the undampped natural frequency of the system ζ = 

c

2mω2-α
0

  and α=1/2. The transfer function is 

  H(s) = 1

 sα  + 2ω2-α
0 ζsα  +ω2

0
 

with indicial polynomial  s4 + 2ω
3/2
0 ζ s + ω

2
0 . Its roots are on two vertical straight lines with symmetric 

abscissas, but only two belong to the first Riemann surface. We obtain the impulse response as:  

 h(t)= Re
$%
&
%'

(%
)
%*

 

r.s1.e
(-0.0354 + j1.0353)t

u(t) + D1/2
+
,

-
. r.e(-0.0354 + j1.0353)t

u(t)

 
  

where r is the residue at s1.  
45



A practical example (cont.)

0 5 10 15 20 25 30 35 40 45 50
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

α = 1

      1/2

       2/3
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An RC circuit

47



Time response RC circuit

48



Step response of RC circuit

49



50

Carlos Matos, Arnaldo Batista, and Manuel Ortigueira  
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Ideal   





1         if  0 ≤ ω ≤ 1
   
          
   

 −20log(ω3)          if  ω > 1

 

The usual low pass filters, Butterworth, Bessel, Elliptic and Chebyshev  

Butterworth   
1

s3+2s2+2s+ 1
 

 

Bessel   
1

s3+2.433s2+2.666s+ 1
 

 

Elliptic   
0.6209 s2+0.8508

s3+1.011s2+1.2025s+ 0.8508
 

 

Chebyshev   
0.4913

s3+0.9883s2+1.238s+ 0.4913
 

In figure 2 the amplitude response of these filters is represented against the goal (ideal) and in 
figure 3 for the phase response. 

 

 

Figure 2: Amplitudes of Butterworth, Bessel, eliptic and Chebyshev low pass 3rd  order filters 

Butterworth

Goal

Chebyshev

Bessel

Eliptic
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!50
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!30

!20

!10

0
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Design from classics

Carlos Matos, Arnaldo Batista, and Manuel Ortigueira  
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Now we are going to consider the usual band pass filters, Butterworth, Bessel, elliptic, and 
Chebyshev. 

Butterworth   
s3

s6+2s5+5s4+5s3+5s2+2s+1
 

 

Bessel          
s3

s6+2.433s5+5.466s4+5.866s3+2.433s+ 1
 

 

Elliptic   
0.6209 s5+2.092s3+0.6209

s6+1.011s5+4.202s4+2.874s3+4.202s2+1.011s+ 1
 

 

Chebyshev   
0.4913s3

s6+0.9883s5+4.238s4+2.468s3+4.238s2+.9883s+ 1
 

 

and the goal (ideal filter) 





20Log(ω3)         if  0 ≤ ω ≤ 0.619
   

 0         if  0.619 ≤ ω < 1.614
   

-20Log(ω3)       if  ω > 1.614

 

 

 
Figure 10: Amplitudes of Butterworth, Bessel and Eliptic Band pass 3rd order filters  

Elliptic! Goal
Chebyshev

Bessel

Butterworth

1.00.5 2.00.2 5.0
!

!60

!50

!40

!30

!20

!10

0
Amplitude !dB!
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Bandpass filter

Carlos Matos, Arnaldo Batista, and Manuel Ortigueira  
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and the transfer function has as numerator and denominator the polynomials 

N(s) = s
2.382

-0.021s
1.588

+0.00011s
0.794

-7.718x10
-8
 

and 

D(s)=s4.765+0.015s3.971+3.9s3.177+0.047s2.382+3.7s1.588 +0.0224s0.794+1.03 

 

 
Figure 1: Amplitudes of fractional 3rd order band pass filter (Blue) and ideal (Red) 

 

 

Figure 1: Phase response of 3rd order band pass filter (Blue) compared with Butterworth (Red) 

0.1 1 10
!

!100

!80

!60

!40

!20

0

Amplitude !dB!

0.1 1 10
!!3

!2

!1

0

1

2

3

Angle !Rad!
52



Fractional PID Controller:

Controller
C(s)

Plant
G(s)

+

_

r(s) e(s) c(s)

( ) (1 )p D IC s k k s k sα β−= + +

Advantage: More flexibility, so better performance expected.

Challenges: 

• How to realize the fractional order controller?

• How to tune the controller?



Controller with a fractor
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Alternative partial fraction inversion
 

Im
a+jR

Re

!c

a-jR

t>0
t<0

c-

>

 

h(t) = 
p1/α-1

 

α
ep1/α

 
 t

 
u(t) + 1

π
 ⌡⌠

0

∞

  
σα  sin(πα)

σ2α
  -2σα p cos(πα) + p2

 e-σt
  dσ  u(t)  
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Stability of a system

56

Consider the TF 

G(s) = 1

sα  - p
  

The zero of the denominator, if it exists, is at p1/α
  .  

If p=ρejθ , then there is a pole if |θ/α | ≤ π . If |θ/α | > π , there is no pole.  
 
Conclusions: 
|θ | > πα     stability 
 

|θ | ≤ πα  
%
&
' |θ | < πα/2    instability

 |θ | > πα/2   stability
 |θ | = πα/2   strict stability

  



Stability region in s-plane

1α < 1>α
The stability region is not convex for        <1.α

s-plane

Stable Region

Im (s)

Real (s)

s-plane

Stable Region Real s

Im (s)
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Initial conditions

• Pseudo-initial conditions:
» Riemann-Liouville

» Caputo

» Laplace transform

• The initial value problem; 

• General approach;



Pseudo-initial conditions

Riemann-Liouville 

x(α)
RL(t) = Dα[x(t)u(t)] - ∑

i=0

n-1
 [Dα-1-ix(0)].δ(i)(t) 

Caputo derivative  
x(α)

C (t) = Dα[x(t)u(t)] - ∑
i=0

m-1
 [Dm-1-ix(0)].δ(i-m+α)(0) 

LT[x(α)
RL(t)] = sαX(s) - ∑

i=0

n-1
 [Dα-1-ix(0)].si LT[x(α)

C (t)] = sα X(s) - ∑
i=0

m-1
  Dm-i-1x(0).si-m+α  

Liouville derivative  Dαf x(t)= 
1

Γ(-α)
⌡
⌠

-∞

t
 x(τ)u(τ).(t-τ)-α-1 dτ    

These “initial conditions” represent what lacks to the derivative to become a Liouville derivative 



The fractional jump formula

It is made continuous by subtracting y(γN)(0) u(t) 

The effects of the jumps are 
successively removed to obtain a 

continuous funtion



Jump formula – particular case

ϕ(nγ)(t) =[y(t).u(t)](nγ) - ∑
0

N-1
 y(iγ)(0)δ⎝

⎛
⎠
⎞(n-i)γ-1 (t)  

Making: γn= nγ



Main areas for research
1) Fractional control of engineering systems, 
2) Fundamental explorations of the mechanical, electrical, and 

thermal constitutive relations and other properties of various 
engineering materials such as viscoelastic polymers, foam, gel, and 
animal tissues, and their engineering and scientific applications,

3) Advancement of Calculus of Variations and Optimal Control to 
fractional dynamic systems,

4) Fundamental understanding of wave and diffusion phenomenon, 
their measurements and verifications,

5) Analytical and numerical tools and techniques, 
6) Bioengineering and biomedical applications, 
7) Thermal modeling of engineering systems such as brakes and 

machine tools, 
8) Image processing.
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Where do we go to?

Fractional Discrete-Time Linear Systems 
Fractional Systems on Time Scales 
Fractional Vectorial Calculus and Classic 
Theorems: Gauss, Green, Stokes 
Fractional Differential Geometry 
… 
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Where do we go to?
•EVERYWHERE

Fractional Calculus: 

 the Calculus for the XXIth century 

(Nishimoto) 

Fractional Systems:  
The XXIth Century Systems 

(mdo) 
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