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Quantum Probability vs
Classical Probability g :

Event Space: X
Q) o-agebraof subsets of X
Probability of event A= p(A):0< p(A) <1,

Andrei Kolmogorov

p(X)=1&p(@)=0.& p(Ur,A) =Y p(A) when A disioint




Quantum Basics:

Quantum Probability i

Paul Dirac Von Neumann

QuantumProbability:
EventSpace: X complex (infinite-dimensional, separable) Hilbert Space

X = span{¢,,d,,ds,....} orthonormal basis (¢, ,4 ) = J,
Events = Closed Subspaces S of X (or their Projections)

S = span{ ¢, } basic subspace ("pure" states)

Superposition
of Projections

Mixed States: x:i(x,qﬁk)qﬁk &HxH2 =1
R

Quantum Probability:

p(xe S) =R =[(x 4" =[ai["
Note: p(xe S, |xe §) =[RRX| #[|RRxX| = p(xe § |xe )




Dynamics: Schrodinger Wave Equation

¢ € X complex Hilbert Space

0

k=1

ih%z H, ¢ Discrete Spectrum o (H,) = {4}

e
Hamiltonian Energy
Operator

=90 = Ug) #0)=e""3(0)=Y e * (90,4, with (4,4) =0,

Unitary Group

||</5(t)||2 = Probability Distribution for the Energy
in the Quantum State ¢(t) = ¢(t)] =||¢(0))|

> - S Marginally
= ..|[¢(t)|” = Probability Distribution for the Energy Stable

In the Quantum State ¢(t)
= ¢V = ¢ (O
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QuantumMeasurement

The Real
Heisenberg

The interpretation of

Quantum Measurement A quantum measurement is an

is still a _controversial SaleplllsglEgd entanglement with the
part of Quantum Theory environment ( measuring

device)

X =X ® X, e
¢:Zak|(¢ks®¢|M)¢h®W The Other
K,

Heisenberg

Heisenberg Uncertainty Principle ;
J Y P Back Action

(A2 (AP)* = (2, PL#.)| = ()?1h =10
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Quantum Collapse:

Ontology vs Epistemology
bounded /unbounded

Observable A: X —=-adoint

Ax:i/lk (x99,

B X

Pure States ¢, elgenfunctions of A

Max Born

An observation/measurement of the observable A produc

o0

a collapse of the wave function for amixed state ¢ = Z C D,

k=1

into one of the pure eigenstates ¢, (Ag, = A4, )with probability |c, \2




Quantum Statistical
Mechanics P p—

Quantum Density Operators: p e 0 ™ with (Hilbert-Schmidt) inner product (p,, p,) =tr (o, p,)
(These carry dl the quantum probability information & are often thought of as quantum states)
Defining Properties: p* = p(salf-adjoint); p > 0(pos semi-definite);trp =1

N
Mixed Statep=> " p,R;
k=1

Pure State: R, = (4, , )¢, = ¢k¢|:

Dynamics:(ii—’f =—i[H, p]=-1(H p - pH) ,Quantum Master Equation

L

Ensemble Averages; Quantum M easurements:
y=(C) =1tr(Cp)




Quantum Measurement
POVM=Positive Operator-Valued Measure

Measurement
Operators

Measurement

M, self-adjoint;M, >0; » M_ =1 (Complete)

we()

Probability of obtaining outcome w

1 1

P, (w)=tr(pM,) = tr(M2pM2) > 0 il X% - LMooz v, o=t

—
|




Quantum Dynamical System

dp . . o
—E —_j[H, p]=—i(Hp—-pH) =-iL
DynamCS:{dt i[H,p]=-i(Hp—pH)=-iLp,
p(0)=p,
Quantum Master Equation

Ensemble Averages, Quantum Measurements:
y= <C> =tr(Cp)

S={pel™|p =p;p20trp=2Ltrp* <1}
is a bounded, closed, convex subset of [1 ™"

Note Sisaninvariant set: p(0) e S= p(t) eSvt >0
"Once a quantum density, always a quantum density"




A Basic Online Linear Estimator

Quantum Density System |68

a .
— =-Lp;L=[H,
p p;L=[H, 0]

y=trCp; p(0) = p,

Linear Quantum Density Estimator

p(t) = p(t) +e(t) a[)
L=ALp+K(y-9)

=CoP0=A
with exponential rate



The Set of All Quantum Density
Operators

S={pel™|p =p;p=20trp=2Ltrp° <L} c UnitBalind ™

Theorem: S isaclosed, convex subset of 0 ™, & S is bounded (S < Unit Ball),
where

S closed means: V{p,} € S& p, ———>p=>p€S

S convex means: Vp,, p, € S, thestraight line Ap, + (1-1)p, € S




Projection Operator for Closed Convex Sets in Hilbert Space

X Hilbert Space with S closed, convex < X.
P,: X —>S:
P.x isthe (metric) Projection of x onto S when

vxe X |x—Psx|=d(x,S) = min,|x—Z]

Properties of the Projection
1) P,(X) isdefined Vx e X
2)P;(X) =X Xe S
3)P.* = P,(idempotent)
X =Px < Re(Xx—X.,z—X) <0 Vze S ("Principle of Orthogonality, sorta’)

| —
Error

5) P, is Lipschitz Continuous,i.e|Px—Psy| <[x-y|| VX yeX
But P, is NOT Linear.




Modified Quantum Estimator

Quantum Density System [e=

{%p——in;LE[H,p]

y=trCp; p(0) = p,

Nonlinear Projection Operator

p(t) = Pyp (1)

p .. A
~r=-ALp+K(y-9)

Linear Quantum Density Estimator

y=Cp;p(0) = p,
Using the Lipschitz continuity of P :
150 -p(0)] = [PA® - Pp) <[ 20 - p(1)] = ett)]

p(t)es e(t)

where e(t) ———> 0 with exponentia rate set by the origina Linear Estimator

And 5(t) = P,p(t) remainsin S Vvt (and is a Quantum Density) even tho p(t) does not
and it convergesto p(t) e S




Quantum Information Theory

Classical: Shannon Entropy H(X) =Y p log p,
i=1

"the average amount of information gained from learning the value of the random variable x"
or "the average uncertainty before learning the value of x"

Quantum VonNeumann Entropy: S(p) =-tr(p log p)

Theorem:‘S(,é) _ S(p)‘ S0 (0te™),

o—p| — 0(0 e exponentialy)




H stimator

Qubit Density Dynamics

dp(t)
dt

(@) = (t(Cyp) tr(Cyp) -+ tr(Cpp))”

Qubit Density Estimator with the Metric Projection Operator

Unvectorization of the

+ Vectorized Qubit Density Estimator
Estimate

dp(1) . x L
=(-DIQ®H—-H®Ijt)+ K(t) — (1) -
di p(1) = P(p)

j:'(t) = (."“l(t) }"2(” ."“m(t))T = ij(t)

Metric Projection Operator

~

= 5(t) = L™ (5(1))
pon | U @

Error: real(p(t) — p(t))

— Pu-— 1311 —= P12 _Fsl2
---= P21— (321 P22 —1322

Time [s]




Continuous
Quantum

. Measurement
°r =Lp+H maap+ B
t T Fxte:nal
npu

Quantum
Disturbances

y=tr(Cp)
Poorly Known

Input &
Hamiltonian

rojection Operator

L 0p . N . A
P |h£= me+K(y_y)+B(u+Gadaptivep)
S ‘@ y=tr(Cp), & p(t)e S Vt=0

p(t) = Pgp(t)

And 5(t) = P,p(t) remainsin S Vvt (and is a Quantum Density) even tho p(t) does not
and it convergesto p(t) € S




Quantum Cognitio

QuantumProbability:

EventSpace: X complex

(infinite-dimensional, separable) Hilbert Space

X = span{¢,,d,,ds,....} orthonormal basis (¢, ,¢) =5
Events = Closed Subspaces S of X (or their Projections)
S, = span{¢, } basic subspace

Mixed States: x = i(x,qﬁk)qﬁk &|x|" =1
k=1 —

R.x

Quantum Probability:

p(xe S) =R =[x 4 ) =[c[
Note: p(xe S, |xe §) =[RRX| #[|RRX| = p(xe § |xe §)

:> Model of

Human Decision-Making

NSF Proposal: A Quantum Approach to Human Cognition and the Autonomy Conundrum in
Self Driving Vehicles, James Hubbard and Mark Balas
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“We don’t know where we are stupid

until we stick our necks out”
Richard Feynman




